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ABSTRACT

We study efficient, adaptive auditing of categorical labels in a fixed dataset, moti-
vated by biodiversity-credit programs in which expert verification of species records
is costly and downstream scores (e.g., payment) computed from corrected labels
are more sensitive to errors on certain labels than on others. Our framework couples
anytime-valid inference with a task-aware adaptive auditing policy, representing
label corrections through a confusion matrix and prioritizing which data points to
inspect next based on the uncertainty within their class labels and the corresponding
influence of these labels on the downstream score function. For linear scores such
as the mislabel rate, our priority-aware approach certifies the overall label error rate
to ±2 percentage points with 24% and 11% fewer audits compared to random sam-
pling on biodiversity data from Kenya and a widely-used CIFAR-10N benchmark,
respectively. For nonlinear scores such as the Hill–Shannon diversity, we exploit a
linear-envelope representation that reduces inferences to a family of linear-score
audits; priority-aware sampling again reaches the target precision with 36% fewer
audits. When the cost of distribution-free guarantees becomes prohibitive, we
develop a model-based Bayesian alternative that trades assumption-free validity for
considerably fewer audits. Together, these results show task-aware auditing can sig-
nificantly reduce the number of expert audits needed while providing finite-sample,
anytime-valid guarantees.

1 INTRODUCTION

Large labeled datasets are routinely used in consequential inference tasks, from model evaluation
to scientific analysis. However, the labels in these datasets are not always correct, with annotation
errors documented in settings ranging from healthcare (Shi et al., 2024; Rädsch et al., 2023) to
remote sensing (Pelletier et al., 2017). Even widely used machine-learning benchmarks contain
nontrivial label noise, with one study estimating an average error rate of 3.3% (Northcutt et al., 2021).
Especially in consequential settings, practitioners may want rigorous uncertainty quantification,
but doing so requires verifying at least some of the labels. When expert verification of an entire
dataset is impractical, two natural questions arise: How many data points must be audited to certify a
downstream quantity with a desired level of confidence? Which records should be audited next to
reduce that uncertainty as efficiently as possible?

When audits are costly, confidence sequence methods are useful as they provide confidence intervals
that are simultaneously valid over all sample sizes, allowing the auditor to inspect data sequentially and
stop adaptively without invalidating the coverage guarantee. Recent work develops such guarantees
for sampling without replacement (Waudby-Smith & Ramdas, 2020; Ryu & Wornell, 2024) to certify
finite-population quantities, e.g., population mean, but these methods were not designed for the
precision audits need in practice: on our data of 33,403 labels, the prior–posterior-ratio confidence
sequence of Waudby-Smith & Ramdas (2020) needs a median of 4,118 audits to certify the mislabel
rate to ±2 percentage points at 95.5% confidence, against 656 for our method. On unlabeled datasets,
active-evaluation methods adaptively select samples to label to estimate quantities such as model risk
or predictive performance (Sawade et al., 2012; Kossen et al., 2021; 2022; Mittal et al., 2024), and
recent work has begun to combine adaptive label acquisition with anytime-valid inference (Xu et al.,
2024). Our setting brings adaptive data acquisition and anytime-valid inference together in a different
form: the data are already labeled but may be incorrect, the unknown corrections are categorical and

1



054
055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107

Expert audit

Row 1
Row 2

Row Gt

⋮
Reveal Vt⋮

Select stratum Gt ∼ πGt,t

Dataset {yi}N
i=1

Score function 

Predictive 
distribution

Predicted 
score

E-process

Confidence sequence It

STOP

width(It) ≤ τ

Predict remaining labels
B. Sequential inference

Z1, Z2, …, Zt

A. Audit step

Accumulate 
evidence against 
candidate score 

value m

Interval width 
shrinks over 
time

True score θ⋆

t =
1 

2 

3 

 ⋮
t

Ev
id

en
ce

Audits t

Inputs

Retain unrejected candidate values

Unbiased score observations
Prediction + inverse-
probability correction

1/α
Et(m)

qg,t ̂θt−1
Reject 

candidate m

Set of candidate 
values for the 

score {m}

when confidence 
sequence interval is 
sufficiently narrow

error 
tolerance

Priority-aware (PAS)

πGt,t ∝ MGt,t ̂σGt,t

πGt,t = MGt,t /ΣkMk,t

Random (SRS)

prioritize large, uncertain strata

sample records uniformly

C. Sampling 
strategy

sampling policy

Figure 1: Anytime-valid, priority-aware auditing framework. (A) Each audit uses past audits
to predict the unverified labels and the target score. An expert audit Vt corrects the predicted score
through inverse-probability weighting to produce an unbiased score observation Zt. (B) E-processes
accumulate evidence against each candidate score value m, reject values with sufficient evidence,
and use remaining values to form a confidence sequence It, stopping once the width falls below
a tolerance τ . (C) Our priority-aware sampling strategy directs reviews toward large strata with
high predicted score uncertainty. We compare against random sampling as a baseline, but note that
different sampling strategies only change the efficacy, not the validity of the confidence sequences.

structured, the downstream target may be nonlinear or non-smooth, and the auditor must adaptively
decide which records to verify without sacrificing validity.

Motivation: Auditing for biodiversity credits. Biodiversity credits are purchased by companies
and investors to fund nature conservation and restoration worldwide, compensating individual
landowners for measurable improvements in ecosystem health (Wunder et al., 2025). The market
is estimated to grow from US$8M annually to $69B by 2050 (World Economic Forum, 2023), but
credits are burdened by high overhead costs and concerns about trust and verification (Aide, 2024).
Each project may generate tens or hundreds of thousands of sensor records documenting wildlife
presence and abundance, making full expert audit impractical. Automated species classifiers reduce
labeling cost but can have substantial error: one widely used classifier had an 18.2% error rate on an
out-of-sample dataset (Tabak et al., 2019). Because credit payments depend on these metrics, label
errors have direct financial consequences, creating a need for efficient expert auditing. An aggregate
mislabel rate (e.g., “13% of labels are incorrect”) is insufficient because the direction of an error
determines its downstream consequence. Incorrectly labeling cattle as lion, for example, may falsely
introduce a rare species and substantially inflate estimated richness and taxonomic diversity (and
therefore payment), whereas confusing two common, closely related species may have little effect.
An effective audit should therefore account not only for where errors are likely, but also for how
potential corrections affect the downstream scoring function.

The same structure arises in myriad settings. In model evaluation, for example, noisy benchmark labels
impact downstream quantities such as F1 score, balanced accuracy, or model rankings (Northcutt
et al., 2021), each of which may depend nonlinearly on the corrected labels. In epidemiology, label
corrections may change prevalence estimates (Haile & Kronthaler, 2025), while in content moderation
they may alter policy-compliance rates.

To address these challenges, we make the following contributions:

• A general framework for efficient label auditing (fig. 1). We introduce a task-aware
auditing framework for fixed categorical datasets that combines anytime-valid uncertainty
quantification with adaptive expert review. The framework certifies downstream quantities
while directing audits toward the label corrections that matter most, reducing the number of
costly expert audits needed in practice.

• Efficient anytime-valid inference for structured nonlinear scores. For nonlinear scores
such as Hill–Shannon diversity, we exploit linear-envelope representations to build score-
specific confidence sequences from our linear auditing framework. The resulting confidence
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sequences retain finite-sample, anytime-valid guarantees while supporting efficient priority-
aware auditing.

• A model-based (Bayesian) extension within the same framework. When distribution-free
guarantees require an impractically large number of audits, we retain the same task-aware
strategy but use a Bayesian model of the confusion matrix for uncertainty quantification,
trading assumption-free validity for greater statistical efficiency.

2 PROBLEM FORMULATION

A provided dataset contains N records. Record i ∈ [N ] has a submitted label yi (known) and verified
label vi (unknown until verification). Let L := {1, . . . , L} be the full normalized label vocabulary,
and let R := {yi : i ∈ [N ]} ⊆ L be the set of submitted labels with R := |R| elements. Thus
yi ∈ R and vi ∈ L.

Confusion matrix. A scalar mislabel rate records only how often yi ̸= vi across the entire dataset;
it does not capture error rates across different classes. We therefore track a full confusion matrix,
which specifies the number of mislabels between any two pairs of labels. The unknown finite-
population confusion matrix is C⋆ ∈ ZR×L

≥0 , where each entry Crs := #{i : yi = r, vi = s}
indicates the number of data points submitted with row r and verified with column s. Row r contains
records submitted as label r, while column s contains records verified as label s. The row sums
Nr :=

∑︁
s∈L C

⋆
rs = #{i : yi = r} are known before auditing.

Score functions. We use score function to denote any downstream quantity computed from the
corrected labels. Formally, a score function maps the submitted-to-verified confusion matrix C to
a scalar outcome of interest, such as an error rate, model-evaluation metric, or biodiversity score.
One important property is that the score function is used for finite-population inference. Unlike
conventional superpopulation inference, when auditing labels we are only interested in the particular
submitted dataset rather than by an i.i.d. sample from an underlying distribution. That is, we only
care about sample statistics, not population statistics. A second property is that score functions can
be assessed by the verified labels, i.e., the score function depends on C only through its corrected
column totals which we write as the corrected composition p(C) ∈ ∆L−1, ps(C) =

∑︁
r Crs/N ,

with ∆L−1 the probability simplex over L; we abbreviate p⋆ = p(C⋆). For the biodiversity credits
setting, the score function is challenging as it is nonlinear and nonsmooth; details in appendix A.

Strata: splitting rows by metadata. Records often carry metadata, such as the source, location,
device, or time period, that may be associated with different correction patterns. Splitting each row
by these metadata creates smaller groups of records which we call strata. We write g = (r, a) for
the stratum of submitted label r and metadata value a. The size of each stratum is known before any
audit, and each row is the union of its strata. When no metadata is used, each row is its own stratum.
Stratification is useful when correction behavior varies across metadata-defined subgroups, because it
allows the audit to target uncertainty more precisely. In our biodiversity application, a refers to a
camera station, where corrections are strongly clustered.

3 CONFIDENCE SEQUENCES FOR AUDITING LINEAR SCORE FUNCTIONS

We first explore how to turn expert audits into a confidence sequence, illustrated in fig. 1b. Confidence
sequences provide uncertainty intervals that are valid after every audit, allowing the auditor to monitor
uncertainty and stop as soon as desired precision is reached. For linear score functions, we show
that each randomized audit can be transformed into an unbiased, prediction-corrected estimate of the
score for the full dataset. Thus the confidence sequence remains valid for any predictable audit policy,
while better sampling choices reduce its variance and therefore the number of expert audits required.

Let D ∈ RR×L be a deterministic contribution matrix, where the (r, s) element Drs ∈ [0, 1] is the
contribution to the score from a data point submitted as label r and verified as label s and is known
in advance. For example, when the score function is the mislabel rate, D is a binary matrix with
Dr,s = 1{r ̸= s}. We denote the r-th row of this matrix as d⊤

r .
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We begin with linear scores, for which each record contributes a fixed, known amount determined by
its submitted and verified labels. A score is linear if it can be expressed as θ⋆ = 1

N

∑︁N
i=1Dyi,vi =

1
N

∑︁
r∈R

∑︁
s∈L C

⋆
rsDrs. If all verified labels were known, θ⋆ could be computed exactly. During

the audit, however, only a subset of the data have been reviewed.

Constructing an unbiased audit observation. We first construct a quantity Zt whose conditional
mean, given everything seen so far, is the target score θ⋆:

E[Zt | Ft−1] = θ⋆ for every labeling. (1)

Audit t examines record Jt ∈ [N ], which lies in the drawn stratum Gt and has verified label
Vt = vIt . Let At−1 = {J1, . . . , Jt−1} be the records reviewed before audit t, Ut−1 = [N ] \
At−1 the unreviewed ones, and Ug,t−1 those of stratum g, with sizes Mt = |Ut−1| = N − t + 1

and Mg,t = |Ug,t−1|. The audit history Ft−1 consists of {(Gk, Jk, Vk)}t−1
k=1. For unreviewed

records in stratum g, we express the mean as µg,t =
1

Mg,t

∑︁
i∈Ug,t−1

Dyivi and variance as σ2
g,t =

1
Mg,t

∑︁
i∈Ug,t−1

(Dyi,vi − µg,t)
2. The linear score can be split into:

Nθ⋆ =
∑︂

i∈At−1

Dyivi +
∑︂

i∈Ut−1

Dyivi =
∑︂

i∈At−1

Dyivi +
∑︂
g

Mg,t µg,t. (2)

After t− 1 audits, the first sum is known and the second must be learned (or estimated) by the auditor.

Before audit t, using only Ft−1, the auditor fixes a selection probability πg,t and a predicted verified-
label distribution qg,t ∈ ∆L−1 (from among the Mg,t remaining, unreviewed records) for each
stratum g. It draws a stratum Gt with probability πGt,t and audits a single record It chosen uniformly
from UGt,t−1, so each unreviewed record of stratum g is audited next with probability πg,t/Mg,t.

For audit t, predict θ via the estimator:

θ̂t−1 =
1

N
· (

∑︂
i∈At−1

Dyi,vi +
∑︂
g

Mg,t · d⊤
r(g)qg,t) . (3)

The next randomized audit corrects the prediction θ̂t−1. Because strata may be sampled nonuniformly,
simply plugging in the newly verified contribution would generally lead to a biased estimate. Instead,
we use an inverse-probability-weighted correction in the spirit of Horvitz & Thompson (1952).
Replacing each µg,t by its prediction d⊤

r(g)qg,t and correcting the resulting residual gives

Zt = θ̂t−1 +
MGt,t

N · πGt,t
(Dr(Gt),Vt

− d⊤
r(Gt)

qGt,t). (4)

The prediction term acts as a control variate, analogous to Särndal et al. (2003). The inverse-
probability-weighted correction makes Zt unbiased for θ⋆ for any predictable predictions and sam-
pling probabilities, as formalized in lemma 1.
Lemma 1 (One audit, one unbiased observation). If D, q·,t and π·,t are predictable and πg,t > 0
whenever Mg,t > 0, then E[Zt | Ft−1] = θ⋆ for every labeling, and with bg,t = µg,t − q⊤g,tDr(g)·,

Var(Zt | Ft−1) =
1

N2

[︂∑︂
g

M2
g,t

πg,t

(︁
σ2
g,t + b2g,t

)︁
−
(︂∑︂

g

Mg,tbg,t

)︂2]︂
. (5)

Prediction quality affects efficiency, but not validity. In experiments, we set qg,t to the posterior mean
of the hierarchical Dirichlet model (Gelman et al., 1995), fitted to the audits observed before time t.

E-processes. Following Waudby-Smith & Ramdas (2024), fix a candidate value m and predictable
stakes λ±i (m) ≥ 0. Under the null hypothesis θ⋆ = m, lemma 1 makes each factor below mean one:

E+
t (m) =

∏︂
i≤t

{︁
1 + λ+i (m)(Zi −m)

}︁
, E−

t (m) =
∏︂
i≤t

{︁
1− λ−i (m)(Zi −m)

}︁
. (6)

If m = θ⋆, both processes are nonnegative martingales with initial value one. By Ville’s inequality
(lemma 4), each crosses 2/α with probability at most α/2, uniformly over time.
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The only requirement on the stakes λ± is that they are predictable and keep every factor nonnegative,
whatever label the expert reveals. This is always achievable because Drs ∈ [0, 1], so the range of Zt

is known before each audit. Section F.1 gives this range and the stakes used in our experiments.
Theorem 2 (Confidence sequence for a linear score). Let It = {m : E+

s (m) < 2/α,E−
s (m) <

2/α for all s ≤ t}. Then Pr{θ⋆ ∈ It ∀t} ≥ 1− α for every labeling.

The proof (section F.1) applies Ville’s inequality to the two e-processes at m = θ⋆. Ratios of linear
scores reduce to the same test: the recall ρ⋆ = C⋆

ss/
∑︁

r C
⋆
rs of species s and the F1 score are handled

the same way (appendix H).

4 PRIORITY-AWARE SAMPLING

The confidence sequence in section 3 determines when an audit may stop. We now consider what to
audit next. Because different label corrections can vary greatly in their impact on the downstream
score, we aim to prioritize expert audits towards rows whose unresolved labels contribute most to
uncertainty in that score, a process illustrated in fig. 1a.

Suppose bg,t = 0, i.e., µg,t = d⊤
r(g)qg,t. The variance

M2
g,t

πg,t
(σ2

g,t+b
2
g,t) is minimized over probability

vectors π s.t. πg,t ∝Mg,tσg,t. This inspires us to review a stratum/row in proportion to its size times
its uncertainty.
Proposition 3 (Priority-aware allocation). If the predictions are exact, (5) is minimized subject to
floors πg,t ≥ ℓg,t by πg,t = max{ℓg,t,Mg,tσg,t/ν}, with ν normalizing. Without floors the minimum
is N−2(

∑︁
gMg,tσg,t)

2, the Neyman variance (Neyman, 1934).

Mg,t is the number of remaining observations to be audited in stratum g and can be calculated
from known values. We can estimate the standard deviation σg,t using a heuristic estimator. When
the scoring function is the mislabel rate, the contribution is Bernoulli so if êg,t = d⊤

r(g)qg,t =ˆ︂Pr(verified label ̸= yg | Ft−1) is the predicted error rate in stratum g, then the estimated standard
deviation is σ̂g,t =

√︁
êg,t(1− êg,t).

Then to ensure continued exploration, we mix the resulting priority allocation with sampling propor-
tional to the number of remaining records:

πg,t = ε
Mg,t∑︁
kMk,t

+ (1− ε)
Mg,tσ̂g,t∑︁
kMk,tσ̂k,t

. (7)

The first term guarantees continued exploration of all remaining records, while the second approxi-
mates the variance-minimizing allocation of proposition 3. The end-to-end priority-aware sampling
procedure is presented as algorithm 1 in appendix C.

4.1 EXPERIMENTAL RESULTS: CERTIFYING THE MISLABEL RATE

Table 1 compares five methods for certifying the overall mislabel rate on the Kenyan biodiversity
and CIFAR-10N datasets. Our priority-aware sampling (PAS) method and simple random sampling
(SRS) use the same confidence sequence approach, in theorem 2, and differ only in the selection of
the next record.

On the Kenyan biodiversity dataset, PAS reaches a half-width of two percentage points after a median
of 656 expert reviews, compared with 864 under SRS, a reduction of 24%. On CIFAR-10N, PAS
reaches the same target after 768 audits, compared with 862 under SRS, a reduction of 11%. The
smaller CIFAR gain is consistent with its more balanced submitted-label rows and less concentrated
residual uncertainty. In both settings, PAS retains the anytime-valid guarantee of the underlying
confidence sequence while reaching the target precision sooner. A more in-depth empirical study of
the mechanism driving priority-aware upside versus SRS is in section D.3.

The remaining methods provide established random-sampling benchmarks. The prior–posterior-
ratio method (Waudby-Smith & Ramdas, 2020) is anytime-valid but does not exploit priority-aware
allocation. The Wald interval is an asymptotic reference computed using the true population variance,
while Serfling’s inequality provides a finite-sample bound for sampling without replacement. PAS
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Table 1: Audits required to certify the mislabel rate to a half-width of 2 percentage points at 95.5%
nominal confidence. The Kenyan biodiversity dataset has a true mislabel rate of 17.97% and CIFAR-
10N of 17.23%. We report median stopping times over 20 audit paths.

# audits to ±2 percentage points

Method Sampling strategy Guarantee Kenyan biodiversity CIFAR-10N

PAS (ours) priority-aware finite-sample, anytime 656 768
SRS random finite-sample, anytime 864 862
Wald random asymptotic, fixed n 1,481 1,434
PPR random finite-sample, anytime 4,118 3,973
Serfling random finite-sample, fixed n 4,154 4,332

reaches the two-percentage-point target substantially earlier than all three benchmarks on both
datasets. The trajectories of the confidence sequence widths are shown in fig. 2; the qualitatively
similar CIFAR-10N comparison appears in section D.2.1. Additional settings for the five procedures
are given in section D.1.1 and section D.2.1.
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Figure 2: Audits on the Kenyan biodiversity dataset. (Left) Submitted-to-verified confusion matrix.
Diagonal entries are correct labels, off-diagonal entries are mislabels. Color indicates the number
of records on a log scale. (Right) Half-width of the 95.5% mislabel-rate interval as the number of
audits increases, comparing our PAS approach against four baselines. Curves show medians over 20
audit paths with the 25th–75th percentiles. Dots mark the audits required to reach a half-width of two
percentage points. The corresponding CIFAR-10N figure (section D.2.1) exhibits the same relative
performances, and numerical results for both settings are reported in table 1.

5 AUDITING NONLINEAR SCORES VIA LINEAR ENVELOPES

In practice, downstream scores are often nonlinear, so the linear construction of section 3 cannot
be applied directly with a single fixed contribution matrix. For concave scores, we show they
nevertheless admit an anytime-valid audit by exploiting their representation as envelopes of linear
scores: a single predictable tangent direction yields a valid upper confidence bound, while the lower
bound requires ruling out every plausible label composition, which we certify by convex optimization.
For instance, species diversity (part of the biodiversity score function, see appendix A) can be written
as P2 := expH(p(C⋆)), where H(p) = −

∑︁
s∈L ps log ps is the Shannon entropy of the corrected

label proportions. We develop this construction for an entropy term and apply the same principle to
other nonlinear scores on CIFAR-10N.

Concave scores are envelopes of linear scores. Let H be a concave, differentiable score of the
corrected labels. For any reference p̄ ∈ ∆L−1, concavity implies that the tangent plane to H at p̄ is
an upper bound. Using

∑︁
s ps = 1, the tangent plane is a linear score,

H(p) ≤
∑︂
s∈L

ps ψs(p̄), where ψs(p̄) = H(p̄) + ∂sH(p̄)−
∑︂
j

p̄j ∂jH(p̄), (8)
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with equality at p̄ = p. Hence H(p) = minp̄
∑︁

s psψs(p̄): a record verified as s contributes the
known amount ψs(p̄) to the linear score indexed by p̄. For entropy, ψs(p̄) = log(1/p̄s), and the
tangent plane is the cross-entropy CE(p, p̄) :=

∑︁
s ps log(1/p̄s) = H(p)+KL(p∥p̄). The inequality

in (8) is Gibbs’ inequality KL ≥ 0 (Cover et al., 1991).

Upper bound: one linear audit. Any predictable reference p̄ gives a valid upper confidence bound,
its choice affects only the width but not validity. We therefore take the best guess of p⋆ available
before the audit, i. e., the plug-in composition p̂t−1, which counts audited records at their verified
labels and unaudited records at their predicted distributions qg,t. Auditing the resulting linear score
as in section 3 gives the upper confidence sequence UH

t (appendix G).

Lower bound: ruling out every composition. A tangent plane lies above H , so one cross-entropy
cannot certify a lower bound. To show H⋆ > h we must show CE(p⋆, p) > h for every composition
p still consistent with the audits, Pt = {p ∈ ∆L−1 : ps ≥ Ot,s/N}, where Ot,s counts audited
records verified as s after t audits. Following Manole & Ramdas (2023), we form for each candidate
p an e-process EL

t (p;h) whose factors have conditional mean at most one at (p⋆, H⋆), using a single
predictable stake shared by all candidates, and rule out h once EL

t (p;h) ≥ 1/α− for all p ∈ Pt,
where α− is the error budget of the lower end. Sharing one stake and one prediction correction across
all candidates makes the logarithm of each e-process convex in p, so this minimum is certified by
convex optimization rather than enumeration (appendix G). The total budget α = α+ + α− is split
between the two ends; together with UH

t , the interval [LH
t , U

H
t ] is the desired confidence sequence.

The end-to-end procedure is presented as algorithm 2 in appendix C.

5.1 EXPERIMENTAL RESULTS: CERTIFYING NONLINEAR SCORES

On the Kenyan biodiversity dataset, PAS reaches the prespecified 5% relative accuracy target for
pooled Hill–Shannon diversity P2 after a median of 1,625 audits, compared with 2,550 under SRS
(fig. 3). This saves 925 audits, or 36% of the SRS audit cost. The advantage grows over the audit:
relative to paired SRS, PAS produces confidence sequences that are approximately 26% narrower
after 2,000 audits and 30% narrower after 3,000. PAS and SRS use the same 95.5% finite-sample,
anytime-valid convex-profile certificate and differ only in their predictable allocation of audits. Every
stored interval contained the fixed-population truth.

The CIFAR-10N experiments test a different class of nonlinear scores. We define worst-three precision
as the mean precision of the three least precise submitted classes gprec(C) = 1

3

∑︁
r∈B3(C)

Crr

Nr
,

where B3(C) indexes the three smallest classwise precision values Crr/Nr. PAS reaches confidence-
sequence width 0.08 after 3,750 audits, whereas SRS requires 6,250. We similarly define worst-
three taxonomic risk as gtax(C) = 1

3

∑︁
r∈Top3(τ)

τr, where τr = N−1
r

∑︁
s Crsdrs and drs is the

normalized taxonomic distance (computed using WordNet 3.0) between classes r and s. PAS reaches
width 0.05 at the same respective audit counts. PAS therefore saves 2,500 audits for each target. At
10,000 audits, its median intervals are 21% narrower for worst-three precision and 19% narrower for
worst-three taxonomic risk.

These settings are discussed in greater detail in section D.1.2 and section D.2.2.

6 A BAYESIAN, MODEL-BASED ALTERNATIVE FOR EFFICIENT AUDITING

The certificates of sections 3 and 5 make no assumptions about how the labels were generated. This
assumption-free validity provides strong robustness, but can come at a substantial cost in statistical
efficiency, requiring an impractical number of expert audits. A natural alternative is to introduce a
statistical model for how submitted labels are corrected, allowing information to be shared across
related labels and strata when inferring the composition of unaudited records. This model-based
approach can substantially reduce the number of audits required. The compromise is that the resulting
uncertainty is no longer distribution-free, but depends on the adequacy of the model. Importantly, the
same task-aware auditing framework accommodates both approaches.

For a submitted label r and stratum g, let θr denote the overall correction distribution for label r
and θr,a be the strata-specific correction distribution. We use a hierarchical Dirichlet–multinomial
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Figure 3: Anytime-valid certification of nonlinear scores under PAS and SRS. (Left) Pooled diversity
P2 on the Kenyan biodiversity dataset. (Middle) Worst-three precision on CIFAR-10N. (Right)
Worst-three taxonomic risk on CIFAR-10N. Curves show median confidence-sequence widths with
interquartile ranges over 20 paired audit paths for Kenya and 10 for CIFAR-10N.

Table 2: On the Kenya biodiversity data, the number of Bayesian audits required to estimate P2 to
5% relative accuracy at 95.5% nominal credibility under the model. Results are over 100 audit paths
per sampling strategy; all paths reached the target within 1,000 audits. Coverage is the fraction of
audit paths whose interval contains the true P2 at stopping.

# audits to 5% relative accuracy

Sampling strategy Mean Median Coverage at stop

Priority-aware (PAS) 248 250 93%
Random 493 500 89%

model (Kim & Ghahramani, 2012): θr ∼ Dirichlet
(︁
κr{βer + (1 − β)ḡ} + Ar

)︁
, and θr,a |

θr ∼ Dirichlet
(︁
κc θr + Ar,a

)︁
, with unaudited labels in stratum (r, a) drawn from distribution

Multinomial
(︁
Mr,a, θr,a

)︁
. Here, Ar and Ar,a are counts of the verified labels audited so far, with

Mr,a unaudited records. Then er places prior mass on the submitted label r being correct, and ḡ
summarizes the smoothed share of verified labels observed across all labels. The concentration
parameters κr and κc control how strongly information is shared across labels and strata. As audits
accumulate within a stratum, its local counts increasingly dominate the shared prior (appendix F).

The model-based audit repeatedly selects and verifies records using the same priority-aware sampling
policy (section 4). At audit t, we select a stratum Gt, sample one unverified record uniformly
from that stratum, reveal its verified label Vt, and update the observed correction counts. Every
25 audits, we propagate posterior uncertainty to the downstream score by drawing stratum-level
correction distributions from the posterior and, conditional on each draw, imputing verified labels for
all remaining unaudited records. Each posterior draw defines a complete, corrected dataset consistent
with all expert audits observed so far. We compute P2 on each completed dataset, producing a
posterior distribution over the nonlinear downstream score, without relying on a linear approximation.
We report the 2.25th and 97.75th percentiles at a 95.5% credible interval and stop once the interval
satisfies the prespecified 5% relative-accuracy target.

If the labels were generated by this model, the interval contains the true P2 with probability 95.5%.
That is the key difference from sections 3 and 5, whose guarantees hold without modeling assumptions.

6.1 EXPERIMENTAL RESULTS: EFFICIENT MODEL-BASED AUDITING

Our results in table 2 show: (1) With priority-aware selection, the Bayesian approach requires far
fewer audits, achieving 5% relative accuracy after a mean of 248 audits — about 6.6× fewer than the
distribution-free certificate. (2) Priority-aware selection is as essential in the Bayesian case as it was
in the model-free case, halving the cost compared to choosing records at random instead (requires
493 audits). (3) The model is overconfident. The interval covers the truth on 93% of audits, below
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the nominal 95.5%, and on some audits it leans low. With random selection coverage falls to 89%.
On this dataset, the assumptions that each submitted label is probably right and that errors follow
shared patterns, are approximately but not exactly true.

7 RELATED WORK

Anytime-valid inference. Classic finite-population concentration bounds such as Serfling’s in-
equality provide finite-sample guarantees for sampling without replacement at a fixed sample size
(Serfling, 1974; Bardenet & Maillard, 2015). Confidence sequences, first introduced by Darling &
Robbins (1967), instead provide confidence sets that remain simultaneously valid over time, per-
mitting continuous monitoring and adaptive stopping. Recent work has developed nonparametric,
nonasymptotic constructions (Howard et al., 2021; Ramdas et al., 2023). For sampling without replace-
ment from a fixed finite population, Waudby-Smith & Ramdas (2020) develop prior–posterior-ratio,
Hoeffding-type, and empirical-Bernstein confidence sequences. The closest works combine anytime-
valid inference with adaptive, nonuniform sampling. Shekhar et al. (2023) construct confidence
sequences for a finite-population weighted mean under adaptive sampling without replacement, using
importance-weighted betting martingales and fixed side information as a control variate. Waudby-
Smith et al. (2024) give anytime-valid inference under adaptively chosen sampling probabilities for
off-policy evaluation. These methods target a mean of scalar values, and the sampling priority de-
pends on the values themselves (their size, or a prediction of them) rather than on a downstream score.
Our section 3 builds on importance-weighted confidence sequences for adaptive finite-population
sampling, but exploits the categorical correction structure to construct score-specific prediction
corrections and sampling policies. Beyond linear scores, we develop anytime-valid certificates for
nonlinear functionals such as entropy using linear-envelope and convex-profile constructions.

Active evaluation. A complementary literature studies how to allocate expensive labels for efficient
evaluation. Early active-evaluation methods choose test points to label in order to compare or estimate
predictive performance (Sawade et al., 2012; Kossen et al., 2021; 2022) while more recent work
formulates adaptive evaluation as sequential planning or active statistical inference (Mittal et al.,
2024; Zrnic & Candès, 2024). Li et al. (2025) develop robust active-sampling rules that interpolate
between uniform and uncertainty-directed acquisition when model uncertainty may be misspecified,
while Xu et al. (2024) combine adaptive label acquisition with predictor-assisted, anytime-valid
inference and optimize the labeling policy under a budget. Our problem differs in that every record
is already labeled: expert effort is spent not on acquiring missing labels, but rather verifying and
potentially correcting that label. Our acquisition objective is not simply where a label is uncertain,
but where a possible correction most affects the downstream score, including in nonlinear ways.

8 CONCLUSION

Our work challenges a common assumption within machine learning communities: that the labels
we treat as ground truth are reliable, even though they may be a source of consequential errors.
When these labels feed into complex downstream score functions, we show that the structure of
these score functions can be leveraged to guide priority-aware auditing, substantially reducing the
number of expert audits needed to obtain narrow confidence sequences while retaining finite-sample,
distribution-free, and anytime-valid guarantees.

Methodologically, we represent label corrections through a confusion matrix and couple adaptive audit
allocation with inverse-probability-weighted inference. Our approach focuses audits on unresolved
corrections that matter most to the downstream task without sacrificing validity under adaptive
sampling or stopping. The efficiency and validity of this approach is relevant to many high-stakes
settings, such as auditing wildlife observations to determine payments in biodiversity credit programs.

Limitations and future work. The gain from priority-aware sampling scales with how unevenly the
score-relevant uncertainty is distributed across strata so on very homogeneous data the priority-aware
approaches buy little; additionally, we treat expert-verified labels as ground truth, when in reality
they are also subject to error. Natural next steps are less conservative confidence sequences that avoid
stronger modeling assumptions, and extensions to shifting confusion patterns, heterogeneous audit
costs, and multiple auditors.
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A AUDITS FOR BIODIVERSITY CREDIT PROGRAMS

To establish market credibility and prevent greenwashing, voluntary biodiversity credit schemes
require standardized monitoring frameworks, robust baseline metrics, and transparent verification
processes (Wunder et al., 2025; Gonzalez et al., 2026). A project site is a landowner enrolled in
a biodiversity credits program, such as a cattle rancher in rural Kenya. Each project site collects
data using sensors placed on their landscape, recording wildlife observations. These data points are
labeled with the specific species observed, which determine the biodiversity index for the landscape.

As a representative application, we consider the Plan Vivo “multimetric” (Plan Vivo Foundation,
2026) which includes three species-based pillars1: species richness P1 (number of unique species),
species diversity P2 (relative abundance of species), and taxonomic diversity P3 (dissimilarity in
the taxonomic tree). The multimetric determines the number of biodiversity certificates that the
landowner is awarded, which then determines their payment.

Species are categorized into disjoint groups G = {G1, . . . , GK}, where each group Gk ⊆ L is a
category such as birds, bats, or medium-to-large mammals. The within-group relative abundance of
species s ∈ Gk is

p(Gk)
s (C) =

ms(C)∑︁
j∈Gk

mj(C)
, s ∈ Gk. (9)

Let zs(C) = 1{ms(C) > 0} indicate whether species s is present in the corrected labels, Sk(C) =∑︁
s∈Gk

zs(C) denote the number of species in group k, and S(C) =
∑︁

Gk∈G Sk(C) denote the total
number of present species. The three pillars of the multimetric can then be expressed as:

P1(C) = S(C), (10)

P2(C) =
∑︂
Gk∈G

D1

(︁
p(Gk)(C)

)︁
, D1(p) = exp

(︂
−
∑︂
s

ps log ps

)︂
, (11)

P3(C) =

∑︁
i<j ωijzi(C)zj(C)∑︁
i<j zi(C)zj(C)

+
∑︂
Gk∈G

Sk(C)

S(C)
∆
(︁
p(Gk)(C)

)︁
. (12)

Here, the within-group taxonomic dissimilarity is ∆(p) =
∑︁

i<j ωijpipj/
∑︁

i<j pipj , where ωij ∈
[0,Ω] denotes taxonomic distance and Ω is some maximal taxonomic distance. The multimetric
then aggregates the three pillar values, e.g., as a weighted sum: M(C) = Φ(P1(C), P2(C), P3(C)).
Notably, this scoring function is both nonlinear (P2 and P3) and nonsmooth (P1 and P3).

1The multimetric also includes two habitat pillars. Here, we only consider the species-specific pillars.
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B NOTATION

Table 3: Core notation. All submitted and verified labels, and hence the true confusion matrix, are
fixed; probability is with respect to the randomized audit design.

Symbol Meaning

N Number of submitted records
yi ∈ R = {1, . . . , R} Submitted label of record i, known.
vi ∈ L = {1, . . . , L} Expert-verified label of record i, unknown and revealed only upon

verifying i.
C⋆ True (unknown) confusion matrix, where C⋆

rs = #{i : yi = r, vi = s}.
C, q A candidate confusion matrix and a candidate complete row-count

vector.
Nr , wr Known size and dataset weight of submitted-label row r: Nr =

∑︁
s C

⋆
rs

and wr = Nr/N .
ms(C), ps(C) Corrected abundance and corrected proportion of label s induced by C:

ms(C) =
∑︁

r Crs and ps(C) = ms(C)/N . p⋆ = p(C⋆).
θr(C) = Cr·/Nr Candidate transition distribution in row r; p(C) =

∑︁
r wrθr(C).

t, u, ur(t) Global audit time, row-local audit time, and number of randomized
audits completed in row r by global time t.

Vr,u, Ars,u, Fr,u Verified label revealed by the u-th randomized audit in row r; Ars,u =∑︁
ℓ≤u 1{Vr,ℓ = s}; row-local audit history.

A+s,t Column total of observed verified labels,
∑︁

r Ars,ur(t).
Rt, Vt, It, πr,t, Mr,t Row chosen at global time t, its revealed label, the reviewed record, the

predictable row probability, and the remaining row size Nr −ur(t−1).
At−1, Ut−1 Reviewed and remaining record sets before review t (distinct from the

count matrix A).
Ot,s Reviewed records verified as s by time t

Zt(dt), ˜︁Zt(dt) Row-baseline and metadata-corrected directional observationsSection 3.
qs(p), ds(p), c Smoothed candidate score (Nps +1)/(N +L), − log qs(p), and slack

log(1 + L/N).
αrow, αcoord, α−, α+ Declared failure budgets for the matrix event, the composition event,

and the two entropy tails.
P1, P2, P3 The three species-based pillars: richness, diversity, and taxonomic dis-

similarity.
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C ALGORITHM PSEUDOCODE

Reading algorithm 1. All predictions, priorities, sampling probabilities, and betting stakes are
computed before the next verified label is observed; this predictability is what permits adaptive
allocation without sacrificing validity. Verified strata are removed and the sampling distribution is
renormalized over the remaining records. Prediction quality affects efficiency only: an inaccurate
predictor may slow contraction but does not invalidate the confidence sequence.

Reading algorithm 2. The two entropy endpoints require different certificates. The upper endpoint
uses a predictable linear cross-entropy direction, whereas the lower endpoint must rule out every
composition still compatible with the audits through a conservative convex optimization. Both
endpoints use the same audit stream, with tail budgets satisfying α+ + α− ≤ α; the reported interval
is valid only when the numerical lower-end optimization returns a certified bound rather than an
unconstrained approximate solution.

Algorithm 1 Priority-Aware Sampling (PAS) for a linear score
Require: Strata g, contribution matrix D, predictor PREDICT(), miscoverage α, SRS weight ε,

target half-width τ
1: while confidence-sequence half-width > τ do
2: Predict: For each nonempty stratum g, estimate qg,t and

ˆ︁µg,t =
∑︂
s

qg,t(s)Dr(g),s, ˆ︁σ2
g,t =

∑︂
s

qg,t(s)
(︁
Dr(g),s − ˆ︁µg,t

)︁2
.

3: Estimate score:

ˆ︁θt−1 =
1

N

⎡⎣ ∑︂
i∈At−1

Dyi,vi +
∑︂
g

Mg,tˆ︁µg,t

⎤⎦ .
4: Update sampling probabilities:

πg,t = ε
Mg,t∑︁
kMk,t

+ (1− ε)
Mg,tˆ︁σg,t∑︁
kMk,tˆ︁σk,t .

▷ Mix residual-record SRS with variance-based priority.
5: Set stakes: Compute the predictable range of the next Zt over all possible strata and verified

labels; choose capped stakes λ±t (m) for each candidate m.
6: Audit: Draw Gt ∼ πt and uniformly audit one unaudited record in Gt, revealing Vt.
7: Observe:

Zt = ˆ︁θt−1 +
MGt,t

NπGt,t

(︁
Dr(Gt),Vt

− ˆ︁µGt,t

)︁
.

8: Update e-processes:

E+
t (m) = E+

t−1(m)
[︁
1 + λ+t (m)(Zt −m)

]︁
,

E−
t (m) = E−

t−1(m)
[︁
1− λ−t (m)(Zt −m)

]︁
.

9: Report:
It =

{︁
m : E±

s (m) < 2/α ∀s ≤ t
}︁
,

and update the audited set and remaining stratum sizes.
10: end while
11: return It
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Algorithm 2 Distribution-free audit of entropy
Require: Strata g, predictor PREDICT(), tail budgets α±, smoothing η, target log-width τ =

log(21/19)
1: while Ut−1 − Lt−1 > τ do
2: Predict composition: Estimate qg,t for each nonempty stratum and form

ˆ︁pt−1 =
1

N

[︄
nt−1 +

∑︂
g

Mg,tqg,t

]︄
.

3: Set entropy direction:

rt = (1− η)ˆ︁pt−1 + η/L, ψt = − log rt.

4: Estimate stratum influence:

bg,t = q⊤g,tψt, ˆ︁σ2
g,t =

∑︂
s

qg,t(s)(ψt,s − bg,t)
2.

5: Update sampling probabilities:

πt = 0.4 ppropt + 0.3 pfloort + 0.3 pprit ,

where
ppropg,t ∝Mg,t, pfloorg,t ∝Mg,t(1 + bg,t), pprig,t ∝Mg,tˆ︁σg,t.

6: Set stakes: Choose predictable upper/lower stakes from the range of ψt, the possible Horvitz–
Thompson weights, and current endpoints Lt−1, Ut−1.

7: Audit: Draw Gt ∼ πt and uniformly audit one unaudited record in Gt, revealing Vt.
8: Upper endpoint: Form the prediction-corrected directional observation ZU

t using contribu-
tions ψt, update

EU
t (h) = EU

t−1(h)
[︁
1− λUt (h)(Z

U
t − h)

]︁
,

and set Ut to the smallest h ruled out by the upper e-process.
9: Lower endpoint: Form (Xt,Kt) and update

Ft(p;h) = Ft−1(p;h) + log
[︁
1 + λLt (h)

{︁
X⊤

t log(1/˜︁p) +Kt − h− c
}︁]︁
,

with ˜︁p = Np+ 1

N + L
, c = log(1 + L/N).

10: Profile over feasible compositions: For each h, compute a certified lower bound on

min
p∈Pt

Ft(p;h)

by projected gradient plus a supporting-plane bound; use bisection in h to obtain Lt.
11: Report:

P2 ∈ [eLt , eUt ], ˆ︁P2,t =
2eLt+Ut

eLt + eUt
,

then update counts and remaining records.
12: end while
13: return [eLt , eUt ] and ˆ︁P2,t
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D EXPERIMENT SETTINGS AND ADDITIONAL RESULTS

All error-rate experiments use nominal confidence 95.5% (α = 0.045). PAS and SRS use the
same prediction-corrected betting confidence sequence and differ only in their predictable sampling
probabilities. Records are sampled uniformly within the selected stratum. Paired policies use identical
randomized within-stratum record orders.

Table 4: Frozen settings for the label-error-rate experiments. The prior column gives the prior
probability that a submitted label is correct. The SRS weight is ε in Equation (7).

Setting Kenya Dataset CIFAR-10N

Population size 33,403 50,000
Audit strata 46 40
Audit paths per policy 20 20
Maximum audits 5,000 5,000
Stored interval spacing 25 25
Target half-width 0.02 0.02
SRS weight ε 0.30 0.10
Submitted-label prior 0.80 development-calibrated
Prior/shrinkage strength 2 and 1 50
Stake effective horizon 800 1,200
Stake cap fraction 0.90 0.90
Candidate-grid spacing 5× 10−4 5× 10−4

D.1 KENYA BIODIVERSITY SETTING

D.1.1 LINEAR SCORE: MISLABEL RATE

Submitted labels define the 46 audit strata. The predictable error model starts from correctness
probability 0.8. Observed row error rates are shrunk toward the corresponding error probability 0.2
with strength 2, followed by a second shrinkage stage of strength 1. PAS mixes 30% remaining-record
SRS with 70% predicted Neyman allocation. We use 20 paired paths with seeds 0, . . . , 19.

D.1.2 NONLINEAR SCORE: PILLAR 2 DIVERSITY

As in the main text, let

ms(C) =
∑︂
r

Crs, ps(C) =
ms(C)

N

denote the corrected abundance and population proportion of species s induced by a candidate
confusion matrix C. Pillar 2 is the Hill–Shannon diversity of this corrected composition:

H(p(C)) = −
∑︂
s∈L

ps(C) log ps(C), P2(C) = exp{H(p(C))} .

Thus, P2 is the effective number of species implied by the corrected labels: it increases when the
composition contains more species or distributes mass more evenly among them. Label corrections
affect P2 through the column totals of C, and its nonlinearity makes uncertainty in rare or poorly
audited species especially consequential.

The distribution-free P2 experiment uses 300 nonempty strata obtained by crossing submitted
label with camera station. The prediction hierarchy shrinks station-level distributions toward their
submitted-label row with strength 1, and row distributions toward a pooled composition with strength
2. The row prior places probability 0.8 on the submitted label. The predictable reference composition
used in the entropy direction is

rt = 0.99 ˆ︁pt + 0.01

L
1.

PAS uses the frozen mixture

πPAS
t = 0.4πprop

t + 0.3πrange
t + 0.3πNeyman

t .
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The proportional component samples according to remaining stratum size, the range component
controls the possible range of the importance-weighted observation, and the Neyman component uses
predicted within-stratum variation in the current entropy direction.

Table 5: Frozen settings for the Kenyan biodiversity data distribution-free diversity experiment.
Setting Value

Audit strata 300
Paired paths 20
Seeds 95001, . . . , 95020
Maximum audits 3,000
Endpoint update spacing 25
Reported checkpoint spacing 100
Lower-tail error budget 0.0225
Upper-tail error budget 0.0225
Proportional/range/Neyman weights 0.40/0.30/0.30
Reference smoothing 0.01
Row/stratum shrinkage 2/1
Stake cap fraction 0.90
Entropy resolution 3× 10−4

Profile iteration limit 60
Target entropy width log(21/19)

The entropy interval is transformed outward to the P2 scale. The stopping target UH
t − LH

t ≤
log(21/19) corresponds to at most 5% relative uncertainty around the harmonic center of the trans-
formed endpoints. SRS and PAS use the same lower convex-profile certificate, upper affine certificate,
prediction hierarchy, and stake rules.

D.1.3 BAYESIAN SETTINGS

We evaluate the model-based procedure of section 6 on the Kenyan biodiversity dataset. PAS and
SRS use the same hierarchical Dirichlet–multinomial model, posterior computation, credible interval,
and stopping rule; they differ only in audit allocation. Records are sampled uniformly within the
selected stratum, and paired PAS and SRS paths use the same randomized within-stratum record
orders.

The model hyperparameters are fixed at β = 0.5, κr = 2, and κc = 0.5, with add-one smoothing of
the pooled verified-label composition. Posterior intervals are evaluated every 25 audits beginning at
audit 100. Each evaluation uses 400 posterior draws and reports the 2.25th and 97.75th percentiles of
P2.

PAS uses the frozen allocation

πPAS
t = 0.2πprop

t + 0.8πNeyman
t , πNeyman

g,t ∝Mg,tσ̂g,t,

where σ̂g,t is the predicted within-stratum standard deviation of the entropy influence direction. Its
variance includes the light-audit adjustment 1 + 1/(ng,t + κc). SRS samples uniformly from all
unaudited records. Neither policy uses a pilot phase.

D.2 CIFAR-10N SETTING

D.2.1 LINEAR SCORE: MISLABEL RATE

The submitted label is random_label1, and clean_label is the designated audit reference.
The two additional human annotations, random_label2 and random_label3, are used as
pre-audit covariates. Each record belongs to one of 40 strata formed by crossing its submitted class
with four auxiliary agreement patterns: both auxiliary labels support the submission, exactly one
supports it, both agree on a different label, or all three human annotations differ.

Stratum error priors were estimated on a development view using random_label2 as the submitted
label and the other two human rounds as auxiliary annotations. Six candidate policies were evaluated
on five development paths through 1,500 audits. The frozen selection rule minimized median terminal
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Table 6: Frozen settings for the Bayesian diversity experiment.
Setting Value

Audit strata 300
Audit paths per policy 100
Seeds 8000, . . . , 8099
Maximum audits 1,000
Evaluation schedule 100, 125, . . . , 1000
Posterior draws per evaluation 400
Credible-interval percentiles 2.25 / 97.75
Prior weight β 0.5
Concentrations κr/κc 2/0.5
Pooled-composition smoothing Add one
PAS proportional/Neyman weights 0.20/0.80
Pilot audits 0
Stopping threshold UH

t − LH
t ≤ log(21/19)

half-width, breaking ties by mean half-width and then by configuration identifier. The selected
policy uses a prior strength of 50, a stake effective horizon of 1,200, and a 10% SRS component.
Confirmation uses 20 fresh paired paths with seeds 2026101200, . . . , 2026101219.
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Figure 4: Audits on CIFAR-10N. (Left) Submitted-to-reference confusion matrix. Diagonal entries
indicate agreement with the reference labels, while off-diagonal entries indicate label disagreements.
Cell annotations give record counts, and color displays them on a log scale. (Right) Half-width of the
95.5% mislabel-rate confidence sequence as the number of audits increases. Methods and plotting
conventions match fig. 2; dots mark the audits required to reach a half-width of two percentage points.
The two settings exhibit similar contraction patterns and relative method performance. Numerical
stopping times for both are reported in table 1.

D.2.2 NONLINEAR SCORE: WORST-THREE SCORES

For a confusion matrix C, let Nr =
∑︁10

s=1 Crs denote the number of records submitted as class r.
The classwise precision is pr(C) = Crr/Nr. We define worst-three precision as the mean precision
of the three least precise submitted classes:

gprec(C) = min
S⊆[10]
|S|=3

1

3

∑︂
r∈S

Crr

Nr
.

To define taxonomic risk, we map each CIFAR-10 class to a fixed noun synset in Princeton WordNet
3.0. For each pair of classes r, s, we compute the unweighted shortest-path distance between their
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synsets in the undirected WordNet hypernym graph and normalize it by the largest distance among the
ten classes. This gives a fixed semantic-distance matrix D = (drs), with drr = 0 and drs ∈ [0, 1].

The classwise taxonomic risk is the average semantic severity of corrections from submitted class r,

τr(C) =
1

Nr

10∑︂
s=1

Crsdrs.

We define worst-three taxonomic risk as the mean risk of the three highest-risk submitted classes:

gtax(C) = max
S⊆[10]
|S|=3

1

3

∑︂
r∈S

τr(C) = max
S⊆[10]
|S|=3

1

3

∑︂
r∈S

1

Nr

10∑︂
s=1

Crsdrs.

Both scores are therefore the minimum or maximum of the
(︁
10
3

)︁
= 120 fixed three-row averages. The

candidate-score grid has spacing 0.001, the total miscoverage level is α = 0.045, the stake effective
horizon is 800, and the stake cap fraction is 0.9. Predictions use a submitted-label prior of 0.8, row
shrinkage strength 2, and secondary shrinkage strength 1.

PAS uses
πPAS
t = 0.70πprop

t + 0.15πrange
t + 0.15πNeyman

t .

Row relevance gives equal weight to plug-in worst-three membership and to the three-row subsets
currently limiting the profiled endpoint. The latter weights are smoothed with softmax temperature 1,
and ties in estimated tail membership are divided fractionally.

D.3 SYNTHETIC DATA: A PRIORITY MECHANISM STUDY

The synthetic experiment isolates the acquisition advantage produced by heterogeneous score rele-
vance. Its confirmation population contains 20 equal-sized submitted-label rows with 250 records per
row, for N = 5,000. Four rows have equal numbers of records with score contributions 0 and 1. The
other 16 rows each have two possible verified destinations, both with score contribution 0.25. Their
verified labels remain uncertain, but that uncertainty does not affect the chosen score.

The target is the population-wide linear risk

g(C) =
1

N

∑︂
r,s

ArsCrs,

whose value in the confirmation population is 0.30. PAS uses the remaining-size-aware Neyman rule

πPAS
r,t ∝Mr,tˆ︁σr,t

without an SRS floor. Constant-contribution rows have zero predicted score variance and therefore
receive no PAS audits. SRS remains uniform over all unaudited records. Both policies use the same
prediction-assisted linear betting confidence sequence.

The scaling screen fixes four score-variable rows and varies the total number of rows over

R ∈ {8, 12, 20, 32, 48}.
Each configuration uses five development seeds and an 800-audit budget. This screen tests the pre-
dicted increase in PAS advantage as the number of score-invariant nuisance rows grows. Confirmation
fixes R = 20 and uses the 100 fresh paths reported above.

D.4 RANDOM-SAMPLING COMPARATORS

The default prior–posterior-ratio confidence sequence is evaluated on the same 20 SRS audit orders
used by our betting confidence sequence. It uses a uniform BetaBinomial(N, 1, 1) working prior on
the population error count and reports the running intersection of its candidate sets.

The Wald reference uses the true population error variance, no finite-population correction, and
nominal confidence 95.5%. It is an oracle-variance, fixed-sample asymptotic reference. The Serfling
reference is the corresponding finite-population, fixed-sample bound. Wald and Serfling therefore
provide benchmark sample sizes rather than anytime-valid stopping rules.
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Table 7: Frozen synthetic-experiment settings.
Setting Value

Confirmation rows 20
Score-variable rows 4
Records per row 250
Population size 5,000
Confirmation paths 100
Confirmation seeds 2026101000, . . . , 2026101099
Maximum audits 800
Checkpoint spacing 25
Confidence level 95.5%
Prior strength 2
Stake effective horizon 800
Stake cap fraction 0.90
Candidate-grid spacing 5× 10−4

SRS component in PAS 0
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Figure 5: Controlled synthetic experiment isolating the benefit of priority-aware sampling.
(a) Submitted-to-verified confusion matrix; asterisks identify the four rows whose possible ver-
ified labels have different score contributions. (b) Median confidence-sequence width under PAS
and SRS, with interquartile ranges. (c) Terminal PAS width reduction as the total number of rows
increases while the number of score-variable rows remains fixed at four. The dotted curve shows the
1−

√︁
k/R reference with k = 4.

E COMPUTATIONAL ENVIRONMENT

All experiments were executed on a local machine with 15 CPU cores and 24 GB of unified memory.
Computation was CPU-only; no GPU or external computing cluster was used. Independent score-
policy-seed tasks were distributed across four local worker processes.

The final runs used macOS 26.5 and Python 3.14.7. Principal numerical and reporting dependencies
were NumPy 2.5.2, SciPy 1.18.1, pandas 3.0.5, and Matplotlib 3.11.1. Each worker wrote an
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independent result shard, and aggregation began only after all expected shards for that experiment
had completed.

F LINEAR SCORES

Lemma 4 (Ville’s inequality Ville (1939)). Let (Wt)t≥0 be a nonnegative supermartingale with
respect to (Ft) with W0 = 1. Then Pr{∃t :Wt ≥ c} ≤ 1/c for every c > 0.

Predictions. Any predictable qg,t keeps Lemma 1 valid; good predictions only reduce the variance
(5). We use a two-level shrinkage estimator, built only from the audits before audit t. Let Ar,t(s)
and Ag,t(s) be the numbers of audited records in row r and in stratum g that were verified as s, and
nr,t =

∑︁
sAr,t(s), ng,t =

∑︁
sAg,t(s) the numbers audited. Then

ḡt(s) =
1/L+

∑︁
r Ar,t(s)

1 + (t− 1)
(pooled verified labels)

qr,t =
Ar,t + κr{βer + (1− β)ḡt}

nr,t + κr
(submitted label r) (13)

qg,t =
Ag,t + κc qr(g),t

ng,t + κc
(stratum g within row r(g)), (14)

where er is the unit vector at r. Before any audit in row r, the prediction puts weight β on “the
submitted label is correct” and spreads the rest over the labels verified so far. As audits accumulate,
each row moves toward its own verified-label frequencies, and each stratum toward its own frequencies
within its row. Each level is the posterior mean of a Dirichlet–multinomial model whose prior is
centred on the level above. This is the same structure as the Bayesian model of section 6, but here
it is used only for prediction, never for inference. On the Kenya data we use β = 0.8, κr = 2 and
κc = 1, fixed before the audit and not tuned.

F.1 PROOFS FOR SECTION 3

Proof of lemma 1. Unbiasedness. Given Ft−1 and Gt = g, It is uniform on Ug,t−1, so E[DyItVt
|

Ft−1, Gt = g] = µg,t. Averaging over Gt,

E
[︂ MGt,t

NπGt,t

(︁
DyItVt − q⊤Gt,tDr(Gt)·

)︁ ⃓⃓⃓
Ft−1

]︂
=

∑︂
g:Mg,t>0

πg,t
Mg,t

Nπg,t

(︁
µg,t − q⊤g,tDr(g)·

)︁
=

1

N

∑︂
g

Mg,t

(︁
µg,t − q⊤g,tDr(g)·

)︁
.

The condition πg,t > 0 whenever Mg,t > 0 lets the probabilities cancel. Adding θ̂t−1, the predicted
terms cancel and (2) gives θ⋆. Variance. Only the correction is random. Its conditional second moment
is
∑︁

g πg,t(Mg,t/Nπg,t)
2E[(DyItVt

− q⊤g,tDr(g)·)
2 | Gt = g] = N−2

∑︁
g(M

2
g,t/πg,t)(σ

2
g,t + b2g,t).

Subtracting the square of its mean, N−1
∑︁

gMg,tbg,t, gives (5).

Proof of proposition 3. With exact predictions bg,t = 0 and (5) is N−2
∑︁

g β
2
g/πg with βg =

Mg,tσg,t. This is convex on {π ≥ ℓ,
∑︁

g πg = 1}, and the KKT conditions give πg =

max{ℓg, βg/ν}. Without floors, Cauchy–Schwarz gives
∑︁

g β
2
g/πg ≥ (

∑︁
g βg)

2 with equality
at π ∝ β. For refinement, split g into g1, . . . , gJ with shares ρj ; by the law of total variance and
Jensen, σ2

g ≥
∑︁

j ρjσ
2
gj ≥ (

∑︁
j ρjσgj )

2, so Mgσg ≥
∑︁

j Mgjσgj .

The range of one observation. The stake caps need predictable bounds valid for every stratum that
could be drawn and every unobserved label:

Zt = θ̂t−1 + min
g:Mg,t>0

Mg,t

Nπg,t

(︂
min
v
Dr(g)v − q⊤g,tDr(g)·

)︂
,
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Zt = θ̂t−1 + max
g:Mg,t>0

Mg,t

Nπg,t

(︂
max

v
Dr(g)v − q⊤g,tDr(g)·

)︂
.

For the error rate, minvDrv = 0 and maxvDrv = 1 in every row.

Proof of theorem 2. Consider E+
t at m = θ⋆. If θ⋆ > Zt the stake is at most 0.9/(θ⋆ − Zt),

so 1 + λ+t (Zt − θ⋆) ≥ 1 − 0.9 = 0.1; if θ⋆ ≤ Zt the factor is at least one. By lemma 1 its
conditional mean is one. So E+

t (θ⋆) is a nonnegative martingale with E+
0 = 1, and lemma 4 gives

Pr{∃t : E+
t (θ⋆) ≥ 2/α} ≤ α/2. The same holds for E−

t (θ⋆) with the cap 0.9/(Zt − θ⋆). The
sequence misses θ⋆ only if one of the two reaches 2/α.

Evaluating the sequence on a grid. In the experiment, candidates are evaluated on the grid
mj = j/2000, j = 0, . . . , 2000. On each interval [mj ,mj+1] each side’s stake is held constant at
the more constrained endpoint: λ+ capped at 0.9/(mj+1 − Zt) and λ− at 0.9/(Zt −mj). Then
1+λ+(Zt−m) decreases and 1−λ−(Zt−m) increases in m on the interval, so if θ⋆ ∈ [mj ,mj+1]
is not rejected, neither are mj+1 by the upward test nor mj by the downward test. Retaining every
grid interval whose right end survives the upward test and whose left end survives the downward test
therefore preserves coverage exactly, and differs from the hull of surviving grid points by at most one
grid step (only 0.05 percentage points).

Choosing the stakes. Within the caps, the stake decides how fast evidence accumulates. Suppose
the observations have mean m + δ and variance v. Expanding log(1 + x) ≈ x − x2/2, each
review adds about λδ − λ2v/2 to logE+

t (m), so after n reviews the candidate m is ruled out once
n(λδ − λ2v/2) ≥ log(2/α), that is, once δ ≥ log(2/α)/(nλ) + λv/2. The stake that makes this
smallest is

λ =

√︃
2 log(2/α)

n v
, giving δ =

√︃
2v log(2/α)

n
.

A large stake is safe when the observations are quiet and dangerous when they are noisy. Neither v nor
the number of reviews is known in advance, so we use the predictable plug-in rule of Waudby-Smith
& Ramdas (2024) in its fixed-horizon form: we replace v by a running estimate computed from past
reviews only, and n by a planned horizon n⋆,

λt =

√︄
2 log(2/α)

n⋆v̂t
, λ+t (m) = min

{︂
λt,

0.9

m− Zt

}︂
, λ−t (m) = min

{︂
λt,

0.9

Zt −m

}︂
,

(15)
where a cap is dropped when its denominator is nonpositive and

v̂t =
1

t

{︂
1
4 +

∑︂
i<t

(︁
Zi − θ̂Zi−1

)︁2}︂
, θ̂Zi =

1

i

∑︂
j≤i

Zj , θ̂Z0 = θ̂0.

The term 1
4 , the largest variance of a [0, 1] variable, keeps early stakes small before any variance

has been observed. The horizon n⋆ is the number of reviews at which the stakes are sharpest. The
half-width of the interval is insensitive to n⋆, and we use n⋆ = 800 throughout without tuning.

This is what separates the e-process from Serfling’s bound. Serfling’s width is set by the largest
possible variance, 1/4; here the width {2v̂t log(2/α)/n}1/2 is set by the variance actually observed,
which is 0.147 for the raw error indicator and far smaller once the predictions of (4) have learned the
rows.

G ENTROPY AND LINEAR ENVELOPES: CONSTRUCTION AND PROOFS

G.1 TARGET AND GUARANTEE

We write p⋆ = p(C⋆) for the corrected composition, H⋆ = H(p⋆) for its entropy, and ∆L−1 for the
set of compositions on the vocabulary L, with 0 log 0 = 0. The audit reports a lower end LH

t and an
upper end UH

t after every audit. We split the total level as α = α− + α+, and require

Pr
{︁
LH
t ≤ H⋆ ≤ UH

t for all t ≥ 0
}︁

≥ 1− α− − α+ for every labeling. (16)
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Here α− bounds the probability that the lower end ever exceeds H⋆, and α+ bounds the probability
that the upper end ever falls below it. The experiments use α− = α+ = 0.0225.

The diversity interval is P2 ∈ [eL
H
t , eU

H
t ]. We stop once the report is within 5% of every value in the

interval, which by proposition 5 means UH
t − LH

t ≤ log(21/19).

Proposition 5 (Reporting a point value). For 0 < P ≤ P , the report minimizing maxP∈[P,P ] |x−
P |/P is x⋆ = 2P P/(P + P ). Its worst-case relative error is (P − P )/(P + P ), which equals
tanh{(UH

t − LH
t )/2} for P = eL

H
t and P = eU

H
t . So 5% relative accuracy holds if and only if

UH
t − LH

t ≤ 2 artanh(0.05) = log(21/19).

Proof. For x ∈ [P , P ] the worst case is at an endpoint, giving max{x/P − 1, 1− x/P}. A report
outside the interval is worse at the nearer endpoint. The first term increases in x and the second
decreases; they meet at x⋆ with value (P − P )/(P + P ). Writing W = UH

t − LH
t , this equals

(eW −1)/(eW +1) = tanh(W/2), and tanh(W/2) ≤ 0.05 if and only ifW ≤ log(1.05/0.95).

G.2 THE REFERENCE COMPOSITION AND THE OBSERVATION FROM EACH AUDIT

Gibbs’ inequality. For a reference r with every rs > 0, CE(p, r)−H(p) = KL(p∥r). By Jensen’s
inequality,

−KL(p∥r) =
∑︂

s:ps>0

ps log(rs/ps) ≤ log
∑︂

s:ps>0

rs ≤ 0,

with equality if and only if r = p (Cover et al., 1991, Theorem 2.6.3). Since ∂sH(r) = − log rs − 1,
formula (8) gives ds(r) = log(1/rs).

The plug-in composition and the reference. Let Ot,s be the number of the first t audited records
verified as s, and let qg,t(s) be the predicted share of label s among the unaudited records of stratum
g (the predictions of section 3). Before audit t,

p̂t−1,s =
1

N

(︂
Ot−1,s +

∑︂
g

Mg,t qg,t(s)
)︂
, rt = (1− η)p̂t−1 +

η

L
, ψt,s = log

1

rt,s
, (17)

with η = 0.01. Four properties follow:

•
∑︁

s p̂t−1,s = 1, because
∑︁

sOt−1,s = t− 1 and
∑︁

gMg,t = N − t+ 1;

• p̂t−1 equals p⋆ once every record has been audited;
• mixing in the uniform distribution gives η/L ≤ rt,s ≤ 1, so every contribution ψt,s lies in
[0, log(L/η)], even for labels not yet seen;

• any predictable reference gives a valid upper end, and the choice of rt affects only the width,
through KL(p⋆∥rt), which is second order in the error of p̂t−1.

The predicted contribution of stratum g is µ̂g,t =
∑︁

s qg,t(s)ψt,s.

The observations. Audit t gives the upper-end observation, which is (4) with every row of the
contribution matrix equal to ψt:

ZU
t =

∑︂
s

p̂t−1,s ψt,s⏞ ⏟⏟ ⏞
plug-in cross-entropy

+
MGt,t

NπGt,t

(︁
ψt,Vt

− µ̂Gt,t

)︁
. (18)

For a candidate composition p, let p̃ = (Np + 1)/(N + L). The same audit gives the lower-end
observation

Zt(p) =
1

N

(︂ ∑︂
i∈At−1

log
1

p̃vi
+
∑︂
g

Mg,tµ̂g,t

)︂
+

MGt,t

NπGt,t

(︂
log

1

p̃Vt

− µ̂Gt,t

)︂
. (19)

This is (18) with log(1/p̃s) in place of ψt,s. The prediction term µ̂g,t is kept the same for every
candidate, which is what makes the computation in section G.5 convex. The smoothing keeps every
contribution finite, at most log(N + L).
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Lemma 6 (One audit, every cross-entropy). If πg,t > 0 whenever Mg,t > 0, then E[ZU
t | Ft−1] =

CE(p⋆, rt) = H⋆ +KL(p⋆∥rt) ≥ H⋆, and E[Zt(p) | Ft−1] = CE(p⋆, p̃) for every composition p.

Proof. Let ϑ ∈ (0, 1]L be predictable, let the µ̂g,t be any predictable numbers, and set

Yt =
1

N

(︂ ∑︂
i∈At−1

log
1

ϑvi
+
∑︂
g

Mg,tµ̂g,t

)︂
+

MGt,t

NπGt,t

(︂
log

1

ϑVt

− µ̂Gt,t

)︂
.

Given Ft−1 and Gt = g, the audited record is uniform over the Mg,t unaudited records of g.
Averaging over Gt cancels πg,t exactly as in the proof of lemma 1, and the µ̂ terms cancel. So E[Yt |
Ft−1] = N−1

∑︁N
i=1 log(1/ϑvi) = CE(p⋆, ϑ). The argument uses only that µ̂g,t is predictable.

With ϑ = rt we get Yt = ZU
t , because (17) gives

1

N

(︂ ∑︂
i∈At−1

ψt,vi +
∑︂
g

Mg,tµ̂g,t

)︂
=

∑︂
s

p̂t−1,sψt,s.

With ϑ = p̃ we get Yt = Zt(p).

G.3 THE UPPER END

For each candidate value h, the upper-end e-process is

EU
t (h) =

∏︂
i≤t

{︁
1− λUi (ZU

i − h)
}︁
,

the downward e-process of section 3 applied to (18). The stake λUi ≥ 0 is predictable and does not
depend on h.

Range and cap. Before audit t, everything in (18) is known except the stratum drawn and the label
revealed. The stratum can be any g with Mg,t > 0, and the label can be any label in L, including one
not yet seen. So the largest possible value is

Z
U

t =
∑︂
s

p̂t−1,sψt,s + max
g:Mg,t>0

Mg,t

Nπg,t

(︂
max

s
ψt,s − µ̂g,t

)︂
. (20)

Let hmin
t be the smallest candidate tested at audit t: 0 in the basic version and LH

t−1 with cross-capping
(proposition 10). We require

0 ≤ λUt ≤ 0.9

Z
U

t − hmin
t

, (21)

dropping the cap when its denominator is nonpositive.

Proposition 7 (Upper confidence sequence). Let UH
t be the smallest h ≥ hmin

t with EU
s (h) ≥ 1/α+

for some s ≤ t, or UH
t = logL if there is none, with hmin

t = 0. Then Pr{H⋆ ≤ UH
t ∀t} ≥ 1− α+

for every labeling.

Proof. Positivity. For h ≥ hmin
i , the cap (21) gives 1− λUi (Z

U
i − h) ≥ 1− λUi (Z

U

i − hmin
i ) ≥ 0.1.

Supermartingale. At h = H⋆ ≥ 0, lemma 6 gives each factor conditional mean 1−λUi KL(p⋆∥ri) ≤
1. So EU

t (H⋆) is a nonnegative supermartingale starting at one. By Ville’s inequality (lemma 4) it
ever reaches 1/α+ with probability at most α+.

Monotonicity. Each factor is positive and nondecreasing in h ≥ 0. So if some h < H⋆ were ruled out
at audit s, then EU

s (H⋆) ≥ EU
s (h) ≥ 1/α+.

Start. logL ≥ H(p) for every composition p.
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G.4 THE LOWER END

Smoothing. For any composition p, 1/(N + L) ≤ p̃s ≤ 1. At the truth:

• if p⋆s > 0, then p̃⋆s ≥ p⋆s/(1+L/N), so log(1/p̃⋆s) ≤ log(1/p⋆s)+c with c = log(1+L/N);
• if p⋆s = 0, no record is verified as s, so label s never enters Zt(p).

By lemma 6,
E
[︁
Zt(p

⋆)
⃓⃓
Ft−1

]︁
≤ H⋆ + c. (22)

On the Kenyan data, c = log(1 + 50/33,403) = 0.0015 nats.

Candidates. Every audited record verified as s belongs to p⋆s , so p⋆ ∈ Pt = {p ∈ ∆L−1 : ps ≥
Ot,s/N} for every t, whatever happens in the audit.

The e-processes and the lower end. With a predictable stake λLi ≥ 0 shared by all candidates and
all h, let

EL
t (p;h) =

∏︂
i≤t

{︁
1 + λLi

(︁
Zi(p)− h− c

)︁}︁
, Ft(p;h) = logEL

t (p;h).

At audit t, a value h is ruled out if minp∈Pt
Ft(p;h) ≥ log(1/α−), or if a certified lower bound on

this minimum is (section G.5). The lower end LH
t is the largest value ruled out so far, and LH

0 = 0.

How Zi(p) depends on p. Collecting terms in (19),

Zi(p) =
∑︂
s

χi,s log
1

p̃s
+ ϱi, χi,s =

1

N

(︂
Oi−1,s +

MGi,i

πGi,i
1{Vi = s}

)︂
≥ 0, (23)

where ϱi = N−1(
∑︁

gMg,iµ̂g,i−MGi,iµ̂Gi,i/πGi,i) does not depend on p, and
∑︁

s χi,s = N−1(i−
1 +MGi,i/πGi,i).

The cap. Let hmax
t be the largest candidate tested at audit t: logL in the basic version and UH

t−1

with cross-capping. We require λLt (
∑︁

s χt,s − ϱt + hmax
t + c) ≤ 1 for every stratum that can be

drawn; the label revealed does not affect the left side. Substituting,

λLt

[︂ t− 1

N
+
Mg,t

Nπg,t

(︁
1+µ̂g,t

)︁
− 1

N

∑︂
k

Mk,tµ̂k,t+h
max
t +c

]︂
≤ 1 for every g with Mg,t > 0. (24)

The bracket is at least 1 + hmax
t + c. It grows when a large stratum, or one with a large predicted

contribution, is drawn with small probability. Priority-aware sampling does exactly this for large,
well-known strata, which is why the allocation in section G.6 includes a floor.
Theorem 8 (Lower confidence sequence). Suppose each λLi is predictable and satisfies (24) with
hmax
i = logL. Then Pr{LH

t ≤ H⋆ ∀t} ≥ 1− α− for every labeling. Together with proposition 7,
the interval [LH

t , U
H
t ] satisfies (16).

Proof. Fix i, h ≤ logL and a composition p. Write χs = χi,s, λ = λLi , ς = 1 + λ(ϱi − h− c) and
J(p) =

∑︁
s χs log(1/p̃s) ≥ 0, so that the factor is ς + λJ(p).

Positivity. By (24), ς ≥ λ
∑︁

s χs > 0 when λ > 0, so every factor is positive.

Monotonicity. Each factor decreases in h, and the stake does not depend on h. So Ft(p;h) is
nonincreasing in h ≤ logL.

Validity. By (22), at p = p⋆ and h = H⋆ every factor has conditional mean at most one. So
EL

t (p
⋆;H⋆) is a nonnegative supermartingale starting at one, and by lemma 4 it ever reaches 1/α−

with probability at most α−.

Suppose LH
t > H⋆. Then some h ∈ (H⋆, logL] was ruled out at some audit s ≤ t, by a statistic no

larger than minPs
Fs(·;h). Since p⋆ ∈ Ps and Fs is nonincreasing in h, log(1/α−) ≤ Fs(p

⋆;h) ≤
Fs(p

⋆;H⋆). This has probability at most α−.

Two sides. A union bound with proposition 7 gives (16).
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G.5 COMPUTING THE LOWER END: THE CONVEX PROFILE

Ruling out h requires the minimum of Ft(·;h) over Pt. The cap that keeps the factors positive also
makes this a convex problem.
Proposition 9 (Convex profile). Under (24), p ↦→ Ft(p;h) is convex on ∆L−1 for every h ≤ hmax

t .
For any trial point p◦ ∈ Pt, the value F t(h) in (25) is a lower bound on minPt Ft(·;h). Using it in
place of the minimum preserves theorem 8.

Proof. Keep the notation of the previous proof and let υs(p) = N/(Nps + 1). The derivatives of
log(1/p̃s) in ps are −υs and υ2s , with no cross terms. For ζ(p) = log{ς + λJ(p)} and any direction
y,

y⊤∇2ζ y =
λ
∑︁

s χsυ
2
sy

2
s

ς + λJ
−
λ2

(︁∑︁
s χsυsys

)︁2
(ς + λJ)2

.

By Cauchy–Schwarz, (
∑︁

s χsυsys)
2 ≤ (

∑︁
s χs)(

∑︁
s χsυ

2
sy

2
s). So this is nonnegative whenever

ς + λJ ≥ λ
∑︁

s χs, which the cap gives. Summing over i preserves convexity.

The lower bound is the supporting-plane inequality below. The proof of theorem 8 never uses how
the minimum was computed.

The supporting-plane bound. For a convex differentiable function, F (p) ≥ F (p◦) +
∇F (p◦)⊤(p − p◦) (Vandenberghe & Boyd, 2004). Over Pt, the linear part is smallest with ev-
ery coordinate at its lower limit Ot,s/N and the free mass 1 − t/N on the label with the smallest
gradient coordinate. Writing ∇ = ∇Ft(p

◦;h),

F t(h) = Ft(p
◦;h)−∇⊤p◦ +

1

N

∑︂
s

∇sOt,s +
(︂
1− t

N

)︂
min
s

∇s ≤ min
p∈Pt

Ft(p;h), (25)

where

∂sFt(p;h) = −
∑︂
i≤t

λLi χi,s υs(p)

1 + λLi {Zi(p)− h− c}
.

In practice. We take p◦ from projected gradient descent on Pt, with at most 60 iterations, and rule
out h when F t(h) ≥ log(1/α−). The gap Ft(p

◦;h)− F t(h) is lost evidence, not lost validity, so an
inexact optimizer can only widen the interval.

If several stake sequences each satisfy (24), the logarithm of their weighted average,
log

∑︁
j wj expF

(j)
t with wj ≥ 0 and

∑︁
j wj = 1, is again convex in p and nonincreasing in h.

This holds because log-sum-exp is convex and increasing in each argument. Mixtures of stake scales
are therefore allowed.

G.6 ALLOCATION AND CROSS-CAPPED STAKES

Allocation. Strata are submitted label × camera station (300 strata). In our experiment, PAS draws
stratum g with probability

πg,t = 0.4
Mg,t∑︁
kMk,t

+0.3
Mg,t(1 + µ̂g,t)∑︁
kMk,t(1 + µ̂k,t)

+0.3
Mg,tσ̂g,t∑︁
kMk,tσ̂k,t

, σ̂2
g,t =

∑︂
s

qg,t(s)
(︁
ψt,s−µ̂g,t

)︁2
.

(26)

• The priority. The last term is the priority of proposition 3 applied to the influence ψt.
• The floor. The middle term impliesMg,t(1+ µ̂g,t)/πg,t ≤

∑︁
kMk,t(1+ µ̂k,t)/0.3 for every

g, which bounds the stratum-dependent term of (24).
• The baseline. SRS sets πg,t =Mg,t/

∑︁
kMk,t.

Every nonempty stratum has positive probability, so lemma 1 applies.
Proposition 10. Run both ends on the same audits with hmin

t = LH
t−1 in (21) and hmax

t = UH
t−1 in

(24), testing only candidates in [LH
t−1, U

H
t−1]. Then (16) holds.
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Proof. The endpoints only move inward, and they start at 0 ≤ H⋆ ≤ logL. Let t0 be the first audit
after which H⋆ /∈ [LH

t0 , U
H
t0 ]. The modified stakes

λU ′
i = λUi 1{H⋆ ≥ LH

i−1}, λL′
i = λLi 1{H⋆ ≤ UH

i−1}

are predictable, since H⋆ is a fixed number. With them, the factors at the truth are positive and have
conditional mean at most one, so both modified processes are nonnegative supermartingales. They
reach 1/α+ and 1/α− with probabilities at most α+ and α−.

For i ≤ t0, H⋆ ∈ [LH
i−1, U

H
i−1], so the modified stakes equal the actual ones up to audit t0. A failure

at t0 is one of two events:

• some h ∈ [LH
t0−1, H

⋆) has EU
t0(h) ≥ 1/α+, which forces EU

t0(H
⋆) ≥ 1/α+;

• some h ∈ (H⋆, UH
t0−1] is ruled out by the lower end, which forces Ft0(p

⋆;H⋆) ≥
log(1/α−).

Either is a crossing of a modified process, and a union bound finishes the proof.

The proof uses only that the ceiling hmax
t is predictable and never increases, not that it is an upper

confidence bound. So a one-sided lower bound can use any such ceiling, for example one set near the
current plug-in entropy.

H SCORES BEYOND THE BIODIVERSITY PILLARS

Ratios. For g(C) = ⟨U,C⟩/⟨W,C⟩ with W ≥ 0, ρ⋆ = g(C⋆) satisfies ⟨U − ρ⋆W,C⋆⟩ = 0, so
the observation with contributions U − ρW has conditional mean zero at ρ = ρ⋆ (lemma 1). An
e-process for each candidate ρ gives a confidence sequence for recall, F1 and balanced accuracy.

Bounded curvature. If ∇2g is bounded by βg on the relevant region, then g(p⋆) = g(r) +

∇g(r)⊤(p⋆ − r) +R with |R| ≤ βg

2 ∥p⋆ − r∥2; a linear confidence sequence for the first-order term
and a composition region for the remainder, at a separate budget, certify g. Shannon entropy is not of
this type, because ∂2H/∂p2s = −1/ps is unbounded near zero.

Support-based scores. Richness changes by one when a single record reveals a new species. If
a procedure declares an eligible species absent after T reviews and errs with probability at most α
under every alternative in which one record carries it, then E[T ] ≥ (1 − α)N : couple with each
single-record alternative, which agrees until that record is reviewed, and sum over records. Presence,
by contrast, is certified by one verified record.
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